The Lieb Lattice exhibits intriguing properties that are of general interest in both the fundamental physics and practical applications. Here, we investigate the topological Landau-Zener Bloch oscillation in a photonic Floquet Lieb lattice, where the dimerized helical waveguides is constructed to realize the synthetic spin-orbital interaction through the Floquet mechanism, rendering us to study the impacts of topological transition from trivial gaps to non-trivial ones. The compact localized states of flat bands supported by the local symmetry of Lieb lattice will be associated with other bands by topological invariants, Chern number, and involved into Landau-Zener transition during Bloch oscillation. Importantly, the nontrivial geometrical phases after topological transitions will be taken into account for constructive and destructive interferences of wave functions. The numerical calculations of continuum photonic medium demonstrate reasonable agreements with theoretical tight-binding model. Our results provide an ongoing effort to realize designed quantum materials with tailored properties.
The Lieb Lattice exhibits intriguing properties that are of general interest in both the fundamental physics and practical applications. Here, we investigate the topological Landau-Zener Bloch oscillation in a photonic Floquet Lieb lattice, where the dimerized helical waveguides is constructed to realize the synthetic spin-orbital interaction through the Floquet mechanism, rendering us to study the impacts of topological transition from trivial gaps to non-trivial ones. The compact localized states of flat bands supported by the local symmetry of Lieb lattice will be associated with other bands by topological invariants, Chern number, and involved into Landau-Zener transition during Bloch oscillation. Importantly, the nontrivial geometrical phases after topological transitions will be taken into account for constructive and destructive interferences of wave functions. The numerical calculations of continuum photonic medium demonstrate reasonable agreements with theoretical tight-binding model. Our results provide an ongoing effort to realize designed quantum materials with tailored properties.
The study of topological states of matter [1] have been of huge interest since the theoretical prediction and experimental observation of the quantum spin Hall effect [2] . Besides the novel properties of quantum Hall and quantum spin Hall effect, other topological states have been also studied widely, e.g, topological superconductors [3] , magnetic monopoles [4] and Weyl points in topological semi-metals [5] . The topological states not only have been studied in electronic crystal, but also have been extended and explored in the photonics [6] and acoustic field [7] . Photonic topological insulators (PTIs) [8] are photonic devices with many novel topological properties, e.g, spin-dependent unidirectional edge states and topological non-trivial gapped photonic band structures, analogous to single-particle electronic band structures of topological insulators. Recently, the PTIs have been identified in many setups, including magneto-optic photonic crystals [6] , ring resonator lattices [9] , electronics circuits [10] , lattice symmetry operations [11] , hyperbolic chiral metamaterials [12] . Specially, in the potentially useful optical frequency regime, the Floquet topological insulator (FTI) [13] has been proposed theoretically and demonstrated experimentally through arrays of helical optical waveguides. The physical mechanism behind FTI can be described by the quantum systems with time-periodic Hamiltonians [14] , in which the periodic driving can induce topological non-trivial states without external magnetic field or spin-orbit effects in conventional static Hamiltonian [15] . Besides the expected properties of topological matters, the additional interactions between Floquet mechanism and lattice systems would lead to interesting new phenomena, i.e, anomalous topological phases [16] .
Meanwhile, flat bands (FBs), a class of completely dispersionless bands in the spectrum, have attracted lots of research attention recently. FBs have been explored theoretically and experimentally in, e.g, two-dimensional optical Lieb waveguide lattices [17] [18] [19] [20] , flat-band Hubbard models [21] , and fractional Chern insulators [22, 23] . The existence of FBs is ensured by the local symmetries in specific translationally invariant lattices, and their behavior are similar to "dark" states that cause the coherent trapping in quantum optics. Indeed, FBs rely on compact localized states due to destructive wave interference induced by specific lattice geometries. Compact localized states [24] can hold lots of novel properties, e.g, infinite effective mass in electronic bands [25] , localized states in photonics networks [18, 19] , and unusual ferromagnetic ground states [21] . Therefore, it is interesting to investigate the interplay between the periodic-driving Floquent mechanism and compact localized states of flat bands, as well as the induced nontrivial properties.
In this work, we demonstrate optical Landau-Zener Bloch oscillation in a photonic Floquet Lieb lattice, which manifests the combined physics of topological insulators, Bloch oscillations, Landau-Zener tunneling [26, 27] , and compact localized states. Our design is based on Lieb lattices of helical waveguides, with adjusting the nearest neighbor coupling strength to realize topological non-trivial band gaps and one perturbed flat band. The periodic modulation arisen from the helical twisting of the photonic waveguides can generate artificial gauge field and synthetic spin-orbital interaction of light to achieve non-zero magnetic flux in sublattices through the Floquet mechanism [13] . Two types of band gaps, topological trivial and non-trivial ones, are achieved to investigate the topological effect to flat bands. Due to non-trivial topological transition, the compact localized states of flat bands will be associated with other bands by topological invariants, i.e, Chern number, and thus these states will involve in Landau-Zener transitions. Different from the conventional Bloch oscillation determined by the total phases accumulated during adiabatic and non-adiabatic process, namely, Stückelberg phases [28] , the Floquet topological Lieb insulator demonstrates that the non-trivial geometrical phase will make an additional interference with the these phases.
Results
Floquet Lieb lattices with helical photonic waveguides. Paraxial light propagation in photonic lattices can be de- scribed by a paraxial field ψ(x, y, z) governed by the Schrödinger-type equation:
where
y , k 0 = 2π/λ 0 and λ 0 is the wavelength in vaccum. After transforming the coordinate into a reference frame where the waveguides are invariant in the z direction, namely: x = x + R sin(Ωz), y = y + R sin(Ωz − φ) and z = z, where R is helix radius, Z 0 = 2π/Ω is period and φ is the delay phase , we can induce an effective gauge field A(z) for photonics crystal.
Our system of current interest is the topological Lieb lattice shown in Fig.1(a)(b) . The xOy position of each helix in unit cell of Lieb Lattice is shifted along x or y axis, respectively. The dimerized form-shifts produce a topological trivial gap, and server to build a perturbed flat band when coupling with Floquet mechanism. Similar schemes can be implemented in other lattice geometries, such as a Kagome lattice. Without loss of generality, we focus on the Lieb lattice here.
Tight-binding models [18, 20, 29, 30] are known to describe qualitatively well in a realistic photonic lattice that obeys paraxial wave equation, such as femtosecond laser-written waveguides in fused silica. Thus we can focus on the tightbinding model to investigate the intrinsic mechanism. Our model system consists of a two-dimensional photonic lattice as shown in Fig. (1) c. The beam light propagates along z and the period of the helical waveguides is sufficiently small that guided mode is adiabatically drawn along with a waveguide as it curves. Thus our tight-binding model can be considered to be modulated by a external effective gauge field A(z). Each unit cell in the Lieb lattice has three sites with the different coordinates, and under periodic modulations, the Hamiltonian H(z) reads:
, and c † (c m,n ) are the creation(annihilation) operators of sites a,b, and c in lattice unit (n, m), respectively. κ 1 ,κ 2 are hopping energy, in our model, κ 1 = κ 2 . A x (z) and A y (z) are the components of periodicdriven gauge field A(z) on axis x and y, respectively. Following the waveguide helicity depicted after Eq. 1, the periodicdriven gauge field A(z) has the following modulation form:
where A 0 = k 0 RΩ is the synthetic gauge field strength. For Floquet system, the periodic driven Schrödinger equation can be solved by a Fourier expansion, H(z) = H 0 + H 1 e iΩz + H −1 e −iΩz . For simplicity, consider the coefficients of high order nth (|n| ≥ 2) Fourier components are small enough to ignore. Following the same spirit of Ref. [31] , for small modulation strength J 0 (A 1 ) J 1 (A 0 ), where J 0 and J 1 are bessel functions with order 0 and 1, defining
inΩz H(k, A(z))dz as the n-th Fourier harmonic of the periodic-driven Hamiltonian H(k, A(z)), the effective Hamiltonian of this periodic-modulated system can be written as
, and τ = ∆1 ∆0
(More details in Supplement). Since H ef f is effective Hamiltonian for periodic-driven system, its eigenvalues have the form e iβ(k) where β(k) is the quasi-energy spectrum. H ef f reveals all the interactions between compact localized state of Lieb lattice system under periodic modulations.
The quasienergy band structure of effective Hamiltonian H ef f in different cases are shown in Fig.2(a-c) . The central bands are flat for all three cases that: (i) κ 1 = κ 2 with A 0 = 0, the Floquet system is a semi-metal with a spin-1 Dirac cone in Fig.2 the system becomes a Floquet topological insulator [32, 33] . The topology of each band is indicated by the integer Chern number
, where u i,k is the eigenstate of i-th band. From the calculated band structure, for these cases of Fig. 2 (a-c), the band structures appear to be invariant under either the particle-hole symmetry operation β → −β or time reversal system k → −k, even with a non-zero effective gauge field A(z) (More details in Supplement). To apply these ideas to a realistic photonic lattice, such as femtosecond laser-written waveguides in fused silica [17] [18] [19] [20] , the refractive index is n 0 = 1.45 at wavelength λ = 633nm, with modulation ∆n = 7.0 × 10 −4 for beam propagation equation Eq. (1). According to real experiments, the waveguides elliptical cross sections have axis diameters 11µm and 4 µm, as shown in Fig. 1(b) . They form a Floquet Lieb lattice with the lattice constant a, helix radius R, and pitch Z 0 , where the effective periodic-driven gauge field can be adjusted by setting appropriate a, R, and Z 0 .
Topological Landau-Zener Bloch Oscillations in Floquet Lieb lattices. We now consider the case that an effective fore field F = (F x , F y )
T is applied to provide a source for Bloch oscillations. This effective force field in continuum photonic medium can be attained from gradient index, which can be induced optically and adjusted by the fused power [34] (More details in Supplement). The Γ point flat band state is chosen as the initial state, excited by a Gaussian wave packet at the center of Lieb lattice with on-site weight along M direction and periodic along its perpendicular direction, shown in Fig. 2(g ). For simplicity, we consider the case that the effective force field is along M direction, F x = F y = F and the following discussion will focus on the tight-binding model for computational convenience. Fig. 2 (d-e) display the numerical results of Bloch oscillations. In these cases that A 0 = 0 with a flat band in Fig. 2(d,e) , no oscillations occur. For the case that κ 1 = κ 2 and A 0 = 0 in Fig. 2(f) , the initial state starts to evolve in a symmetric way, reflecting the band structure symmetry in Fig. 2 (a). For these cases with A 0 = 0, it should be mentioned that there are no Landau-Zener transitions observed. The flat band state in these settings is still localized state. It behaves like the "dark" state which can not couple with other eigen-states even during non-adiabatic process. But the situation for flat band will be different in topological insulator. For the topological insulator with the band structure in the Fig. 2(c) , bands can be associated with nonzero topological invariants, i.e, Chern number, and there is no isolated band, even for flat band that is seemingly separated by the topological gap. This is more transparent if we look into the band structures of a semi-infinite Floquet Lieb lattice strip with edges. Topological edge state emerges, across the topological nontrivial gap, connecting the different bulk bands. The unidirectional edge transport is robust to the disorder and perturbation (More details in Supplement).
The topological transition is one kind of global properties in momentum space for topological insulators. Thus the LandauZener tunneling from flat band to other bands by crossing the topological nontrivial gap can be directly observed during the Bloch oscillation with non-adiabatic process, see Fig. 2(f) . In particular, for the Bloch oscillation shown in Fig. 2(f) , we observed the constructive and destructive interference of wave packets, whose behaviors can be described by the Heisenberglike equation of motion (More details in Supplement):
T represents the components of three bands during Bloch oscillations andβ k = diag(β 1,k , β 2,k , β 3,k ), β n,k is the energy of n-th band, 1 = (1, 1, 1) T . The matrixΘ reveal the all interactions among three bands and has the elements:
The diagonal terms of Θ ii , reminiscent of the Berry curvature, provide the geometrical phase accumulated during Bloch oscillation. The off-diagonal terms describe the non-adiabatic Landau-Zener tunneling process between different bands. It is clear that for the Bloch oscillation, the phases accumulated during the process have four parts of contributions [35] : dynamic phase ϕ dyn , Zeeman phase ϕ Zeeman contributed by external field , Stokes phase ϕ S raised from non-adiabatic process [36] , and importantly the geometric phase ϕ g came from the topological phase transition. The sum of these four phases leads to the collective interference behavior for Bloch oscillations (More details in Supplymentary):
In these phases, ϕ dyn is determined by the band structure, there are no remarkable differences for four cases in Fig.2 . ϕ Zeeman can be cancelled by tuning external effective force field, and ϕ S is only associated with the non-adiabatic Landau-Zener tunneling process, around the point M in the momentum space. But for the geometric phase ϕ g , it becomes non-trivial only after topological phase transition. Let us scrutinize the difference of Bloch oscillations before and after the topological transition. For the case in Fig.2(c) , two topological transitions emerge from the triple degeneracy at the same momentum point M in Fig.2(a) . The topological transition positions of two gaps between the central flat band and the upper or lower bands are thus indistinguishable. To clarify the effect of topological transitions on Bloch oscillation, we use the dimerized Floquet Lieb lattice to separate and observe individually the transition points. As shown in Fig.3(a) , with dimerized nearest-neighbor coupling κ 1 = κ 2 , the central flat band becomes perturbed and two gaps symmetrically locate around the M and the central "zero" energy. Since dimertized nearest-neighbor coupling leads to lower spectral symmetry of the general case, the spectrum becomes invariant under the combined action of both particlehole symmetry and time reversal operation, namely β → −β and k → −k. To achieve dimertized nearest-neigbhor coupling κ 1 = κ 2 , the distant between nearest waveguides along x and y direction will be different, i.e, d 1 = d 2 , shown in Fig.1(b) . To realize topological transition from trivial insulator into non-trivial one in Fig.3(b,c) , we adjust the strength of effec- tive gauge field A 0 to achieve this goal in the dimertized Lieb lattice, and then the topological trivial gap will close and reopen a non-trivial gap. In the results from Fig.3 , there are two cases: (i) topological trivial gap, (ii) topological nontrivial gap. We observed the main difference between trivial and non-trivial cases: the disappearance of central flat band state. The mechanism behind this phenomenon comes from the destructive interference after involving in the effect of geometrical phase. For classical Bloch oscillation, Stückelberg phases are responsible for constructive and destructive interference of wave functions, but for topological insulators, the sum of Stückelberg phases and geometrical phases will play the main role. Specially, the distribution of geometrical phases in momentum space is not uniform for two-dimensional photonics topological insulator, which means the Bloch oscillation is angle-dependent. For the system of Fig.3(a) we discuss here, M and M are two distinct points in momentum space.
Another unique property in topological Lieb lattices is the anomalous perpendicular velocity [37] to the direction of the effective force field F . This anomalous velocity comes from the non-zero Berry curvature of Floquet bands. For the state |u n,k of the n-th band, the anomalous distribution of transverse motion reads v = −F Ω n (k), where Ω n = Θ nn = i u n,k |∂ k u n,k is the Berry curvature of the n-th band. To ignore the effect of non-adiabatic process, we adjust the strength of effective gauge field A 0 to a large value and observe that there exist anomalous velocities during Bloch oscillation shown in Fig.4 . Two states of upper and lower bands, and their linear superposition are used to excite the Bloch oscillation. From the numerical results, we can find that the evolutions of states are along circular shape motion trajectories, which are the combined effects of external effective force field and effective non-zero gauge field. The anomalous velocities can be used to reveal the distribution of Berry curvature in Brillouin zone and then measure the topological invariants of bands, i.e, Chern number [38] .
Conclusion
In summary, we have investigated the mechanism of topological Landau-Zener Bloch oscillation in photonic Floquet Lieb insulators. The artificial gauge field or synthetic spin-orbital interaction of light has been achieved by the so-called Floquet mechanism, the periodic helical twisting of photonic waveguides. The localized states of flat bands in photonic Floquet Lieb insulators can be entangled with other bands through the non-trivial band topology, characterized by nonzero topological invariants, i.e, Chern number. The geometrical phases raised from topological transition can make a complicated interference with the conventional phase of Landau-Zener Bloch oscillation. The combination of the physics of Bloch oscillations, Landau-Zener tunneling, flat band, and topological insulators opens promising directions for controlling unconventional quantum state and transport through properly designed lattices and interactions. The Lieb Lattice has exhibited intriguing properties that are of great interest in both the fundamental physics and practical applications [39, 40] . The many interesting behaviors of the topological phases in Floquet Lieb lattices in Boson-Einstein condensate [41] , chiral bound states [42] , and Zeno Hall effect [43] , are worth exploring in detail for further work. peting financial interests.
SUPPLEMENTAL MATERIAL -TOPOLOGICAL LANDAU-ZENER BLOCH OSCILLATIONS IN PHOTONIC FLOQUET LIEB LATTICES TIGHT-BINDING MODEL
The dynamics of the field on this lattice can be described by schrödinger equation:
where |ψ is the photon wave function. By using fourier series, we can transform real-space tight binding Hamiltonian results in a k-space Hamiltonian which is 3 * 3 matrix:
and
, k x and k y is the component of Bloch wavevecter k, and the hopping energy κ 1 = κ 2 . Obviously, in this case, H(z + Z 0 ) = H(z), thus the solution of Eq.10 can be written as |ψ(z) = e −iβz |χ(z) , where |χ(z + 2π/Ω) = |χ(z) , where (mod Ω) is the quasi-energy. We can expand the |ψ(z) as following fourier series form:
where Ω = Z0 2π and |χ n is the fourier coefficient of |χ(z) . Considering least order form and ignore the higher order (|n| ≥ 2), we can expand the periodic-driven gauge field into the form:
where the function J 0 and J 1 are the Bessel functions of first kind with the order 0 and 1. The components of effective k-space Hamiltonian can be written as:
we can get the effective Hamiltonian for the periodic-driven Floquet Lieb lattice system as: 
, and τ = When κ 1 = κ 2 , the periodic-driven guage field will induce topological non-trivial gaps in optical Lieb lattice system. The k-space effective Hamiltonian Eq.(11) around the M point in Brillouin zone can be written as the form: [20, 44] supported by the Lieb lattice are the spin-1 system and the spin-0 states always stay constant energies even with non-trivial topological transition. But it should be mentioned that for flat band it will be connect with other bands and can not be isolated after topological transition.
When κ 1 = κ 2 , there exist topological trivial gaps without the effective gauge field A(z) due to the dimertized nearestneigbhor coupling. In this case, the coupling setting is similar with the SSH model in two dimension, but according to the topological periodic table, 2D SSH model belongs to the type BDI and no topological transition can be induced after introducing the dimertized couplings. But with effective gauge field, i.e, A 0 = 0, the system will be different. The original topological band gap will be close and reopen with the influence of effective gauge field increasing. Different with equality case(κ 1 = κ 2 ), the flat will become perturbed yet gapless structure with almost flat parts. The reason behind this is that the dimertized nearest-neighbor coupling κ 1 = κ 2 leads to lower spectral symmetry and non-zero effective gauge field A induces time-reversal broken non-trivial geometric phase.
By comparing the equality case κ 1 = κ 2 and dimertized case κ 1 = κ 2 , we can find that the topological transitions of the equality case for three bands happen at the same point M . Because the local symmetries of unit cell make sure that two topological transition processes for two gaps can't be separated and recognized by inducing effective gauge field. But for the dimertized case, the situation will be different. Lower of the local symmetries of unit cell will make the two processes separated and thus two kinds of topological non-trivial gaps open in two different points in momentum space. This difference can be viewed from the Berry curvature distribution for flat bands in Fig.5(c)(d) , for equality case, the Berry curvature keeps zero in whole Brillouin zone while it will have a time-reversal broken distribution for dimertized case.
It's important to mention that the topological non-trivial gap sizes can be modulated by the phase φ. The energy shift for each spin is proportional to sin(φ), which means positive shift happens for φ ∈ (0, π) and negative happens for φ ∈ (0, −π). For the special case φ = 0, π, the system keeps same even with non-zero effective gauge field strength A 0 = 0, but the effects accumulated from the Floquet mechanism vanish.
Landau-Zener Tuneling
To study the non-adiabatic process during Bloch oscillation, we consider static case that A 0 = 0, the Floquet effective Hamiltonian H ef f will represent the basic dynamic coupling of the basic modes. The corresponding effective Hamiltonian without Floquet mechanism is:
ikx + κ 2 e −ikx and β = κ 1 e iky + κ 2 e −iky . Based on this Hamiltonian, we can calculate the corresponding eigenvectors |S + , |S 0 , |S − . By multiplying |ψ with the conjugate transpose of the matrix U = [|S + , |S 0 , |S − ], and
The floquet effective Hamiltonian can be expressed in the new basis of |S + , |S 0 , |S − and the wave function can be represented by the linear combination of new basis |ψ = c + |S + +c 0 |S 0 +c − |S − , where c + ,c 0 ,c − are complex number.
With effective external force field F = (F x , F y ), we set k x = F x t, k y = F y t.So we have dynamic equation:
Landau-Zener tuneling will take place at the avoided band crossings around M point. Expanding Eq.12 around M point, we can get the triple Zener tuneling equations, and under the condition κ 1 = κ 2 , Landau-Zener tunneling takes place at slightly shifted positions for upper and lower bands in Fig.(2)(d) , which reduces the problem into two standard Landau-Zener models:
where 0 = √ 2|κ 1 − κ 2 | and 2∆ is the gap between the flat and the dispersive bands. The tunneling probability is calculated according to Landau-Zener formula: P LZ = exp(−2π∆ 2 / 0 ). When considering the interference involved in this non-adiabatic process, on can keep track of this phase by describing the Landau-Zener transition using the non-adiabatic unitary evolution matrix N :
where ϕ S is called Stokes phase [36] , Γ is the Gamma function and δ = . Same form for the case c 0 and c − .
Constructive and destructive interference
According to the Eq.16, the first term describes the dynamical phase contribution, the second comes from the external effective force field contribution, effectively, Zeeman phase, the third term is the Berry's phase part, and the last term represents the phase contributed by non-adiabatic process. When the light is evolved through the Brillouin zone of the periodic potential, k → k + G, it acquires a phase shift due to three distinct distributions: a geometric phase ϕ g , the Stückelberg phase ϕ St [35] and a phase ϕ F due to energy bias of the sites in the external effective force field(which can be vanished by setting appropriate position x 0 and y 0 ).
where the Stückelberg phase ϕ St consists of two components: the dynamic phase ϕ dyn acquired the adiabatic evolution and the stokes phase ϕ S during the non-adiabatic evolution.
Before the topological transition, the components u 1,k |∂u 1,k , u 2,k |∂u 2,k and u 3,k |∂u 3,k in the Eqs. (16, 17, 18 ) is trivial, the geometric phase ϕ g accumulated in the Bloch oscillation is zero. The phase accumulated during the Bloch oscillation can only reflect the basic dynamic and tuneling properties. The interference between different passages is only based on the Stückelberg phase ϕ St [28, 35] .While the bulk bands close and reopen topological non-trivial gaps, the components u 1,k |∂u 1,k , u 2,k |∂u 2,k and u 3,k |∂u 3,k in the Eqs. (16, 17, 18) can't vanish. The geometric phase ϕ g accumulated in the Bloch oscillation for each band is associated with its Chern number, dependent with the distribution of Berry curvature in momentum space(mostly concentrate on the vicinity region of M point for our model). The geometric phase ϕ g will involve in interfering with the Stückelberg phase ϕ St . The Bloch oscillation in non-trivial case will be in different interference situation.
CONTINUUM MODEL
Similar to real experiments, the continuum model uses same parameters with Ref.
[? ], describing femtosecond laserwritten waveguide arrays in fused silica. The optical behavior can be described by the beam propagation method,
where k 0 = 2π/λ, the background refractive index is n 0 = 1.45 at wavelength λ = 633nm. Same descriptions with Ref. [16? ], the index modulation forms a square helix lattice:
∆n 0 = 7 * 10 −4 is the modulation index, a is the lattice constant, and
3 ) with width L x = 11µm and L y = 4µm. According to real experiments, the refractive index is n 0 = 1.45 at wavelength λ = 633nm, with modulation ∆n = 7.0 × 10 −4 . The waveguides elliptical cross sections with axis diameters 11 and 4 µm, as shown in Fig.1(b) of main text. To induce the appropriate gauge field for photon, we can adjust the lattice constant a, helix radius R, and pitch Z 0 of Floquet Lieb lattice. The distant between nearest waveguides along x and y direction, i.e, d 1 = d 2 will be different can be used to achieve dimertized nearest-neigbhor coupling κ 1 = κ 2 . In our model, we set a = 50µm, R = 3µm, Z 0 = 1mm, d 1 = (1/2 + 1/40)a and d 2 = (1/2 − 1/40)a.
Floquet Band Structure Calculation
Due to the quasienergies β are defined modulo 2π/Z 0 and hard to converge on during computation, direct calculation of the Floquet band structure for a continuum model (proposed by tight-binding model) is a non-trivial task. Here, we perform the calculation by calculating the variation of evolution operator U (k, z) with the axis z and finally get the Bloch mode evolution operatorÛ (k, Z) = e
Here we split the unit cell into M pieces {z i } along z direction, i = 1, ..., M and calculate the their quasi-eigenenergy, respectively. We obtain the eigen-modes by solving the static Bloch mode eigenvalue problem at z i ,
is the Bloch Hamiltonian and k is the Bloch momentum, k = (k x , k y ). For waveguides fabricated by the femtosecond laser writing technique, it can be chosen to be single lowest mode, with good confinement. Thus, the number of bands N can be limited as the number of waveguides per unit cell (N = 3). Numerically, we can calculate the truncated basis |ψ n (k, z i ), n = 1, ..., N at any z i in unit cell. With Floquet mechanism, the system is periodic for one modulation period, which requires:
whereÛ (k, Z 0 ) is the Bloch mode evolution operator. For any z i in unit cell,
We can obtain evolution operator by expanding it with truncated evolution operator at z i and z i + dz with small step dz :
Here we assumes that the evolutionÛ does not couple modes beyond the N th band. After calculating the U mn (k, z i ), we can get the formula ofÛ (k, Z 0 ) directly:
, we can compute its eigenvectors, berry phase and hence evaluate the Chern number numerically. Meanwhile, the effective Hamiltonian can be determined by
To fit the parameters of the tight binding band structure to the continuum model's in Fig.(2) of main text, we set κ 1 , κ 2 , A 0 to adjust the bandstructure especially at point M and besides these basic parameters, we also need to set appropriate on-site energy to fit the energy level. This is already sufficient to demonstrate a reasonable agreement between the two models. Another intuitive and efficient way to obtain a correspondence between the continuum and TB model parameters is to exploit a simplified case, i.e, a single two-waveguide coupler to calculate its optical behavior and then extract κ 1 , κ 2 , A 0 . Therefore, the optimization of two-waveguide coupler will optimize the design parameters of Floquet Lieb lattice(eg. lattice constant, separation).
Effective external force field
The key point to achieve Bloch oscillation is to realize effective external force field in optical system. The convenient way is to change the refraction index of sites in sublattice, which can be realized by adjusting the power of femtosecond laser when writing the waveguide arrays in fused silica [46] . The variation of refractive index can be represented as [34] ∆n(x, y) = γ I(x, y) 1 + I(x, y) where γ is constant number, and I(x, y) is the positiondependent laser power. To realized effective force field, we can set the index distribution to satisfy the following condition:
∆n(x, y) − ∆n min ∆n max − ∆n min = (x − x 0 )F x Θ x + (y − y 0 )F y Θ y
where Θ x and Θ y is the ratio constant to control the index gradient.
UNIDIRECTIONAL EDGE STATES
After topological transition, the model system will transfer into a Floquet topological insulator, which exists one-way spin-polarized edge mode. In this case, we can calculate the band structure for edge state by using the following Hamiltonian:
H(k y , z) = n (κ y e i(Ay+ky) b † n a n + κ y e i(ky−Ay) b † n a n +κ x e iAx c † n a n + κ x e −iAx c † n−1 a n ) + h.c.
Along y direction, the model is periodic and therefore k y will be a good quantum number to describe the system. The edge state can be represented by the wave function: |φ(k y ) = {a The band structure for a semi-infinite strip ten unit cells wide have been shown in Fig.(6) . For the case that Dimertized lieb lattice of helical waveguides (κ 1 = κ 2 , A 0 = 0), the regular band structure transforms: the trivial gaps close and non-trivial gaps reopen. These states are topologically protected and no edge-defect, disorder or corner propagation can backscatter these states due to the lack of counter edge state given the spin. Notice that there are two different edge states with distinct group velocities in one gap. In contrast to honeycomb lattice which has two arm-chair edges, dimertized Lieb lattice can support two distinctive types of edges in one semi-infinite strip. Importantly, compared with standard lieb lattice(κ 1 = κ 2 , A 0 = 0), the central flat band of dimertized Lieb lattice becomes perturted and dispersive due to the lower local symmetry. Tight-binding calculations of dimertized Lieb photonic topological insulator expose the topological protection of its edge states. We excite one edge state at edge of square Lieb lattices. The numerical results in Fig.(7,8) show that the edge state propagate unidirectionally and immune with the corners and edge defects.
